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Binary Relation: Recap

Binary Relation Basics

Equivalence Relation and Partitions
— Reflexivity, Symmetry and Transitivity.

Compatible Relation and Covers
— Reflexivity and Symmetry

Partial Order Relation

— Reflexivity, Anti-symmetry and Transitivity

Closure
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How we investigate computability?

2.1 Discussion on
Problems

Part3. Capture Structures:
Binary Relation & Function
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A special relation from A to B



Every elements
in A are paired

Every elements
in A are paired

only once A special relation from A to B
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) Function

* Arelation f from set A to set B is called a function if:

— Forany x € dom(f), there exists unique y such that xfy
(VX)) (VY1) (Vy2)(xfy1 Axfyz) = ¥1 = ¥2)
— dom(f) =4
(Vx)(x € A - (3y)(y € BAxfy))

« Afunction f from set A to set B is donated as f: A — B.

- xfywrittenas f:x| > yorf(x) =y
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) Function

» All the function from set Ato set B is Ag
Ag = {fIf:A - B}

e If|Al=n,|Bl=m

— then |Ag| = m"
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) Function

 Forrelation R on A, forasetB

— the restriction(fE#!) of R on B, donate as R I B is:
RTB={{xy){(x,y) ERAxXx € B}

— The image (&) of R on B, donate as R[B] is:
R[B] ={y|3x({x,y) € R Ax € B)}

« Similarly for a function f: A - B, VA; € A we can define f[A,] to be
the image(&) of 4; on function f.

* VB, € B, f~1[B,] is the inverse image or preimage(Jf%) of B; on

f.
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As
A, s the BFl : the image
inverse image of Azon f.
of B,on f.

fA—->DB
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Common Functions

f:A - B, then f is called constant function (% ZY) if:
@EANx)(x €A - f(x) =y)

f:A > A, then f is called identity function (EEER %) if:
(Vx)(x€eA- f(x)=x)orf =1,

\ —

f:A™ > A(n € N), then f is called a n-ary operator(njciz &)

ffR->R
- If(x <y) - (f(x) < f(y)), we call f is monotonically increasing(E1Fi£1g)
— If(x <y) - (f(x) < f(y)), we call f is strictly monotonically increasing(F#&
ERifEiE1E)
— If(x <£y) > (f(x) = f(v)), we call f is monotonically decreasing(5iFi% )
— If(x<y) - (f(x) > f(y)), we call f is strictly monotonically decreasing(7™&
ERifE IR
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) Common Functions

« F:A - B is called a functional(noun, ;ZiH)
— We define that F(y) = (f(x) = x + y), where f(x) is a certain function.
— Then F(1) is the function f(x) = x + 1

« Let E be the universal set, for any A € E, the indicator function, or
characteristic function($F1EERZEX) x4: E — {0, 1} is defined by:

(x) = 1,xeA
XA =10x¢ A

 Let R be an equivalence relation on A4, g is a canonical map or
natural map(ELBpR 5T} B SABRET) from A to quotient set A/R if:

g:A—- A/R,g(x) = [x]p

12/9/2022 11



) Compose of Function

Letg:A - B, f: B — C, then:
— fogisafunction fog:A—-C
— Foranyx € A, (f e g)(x) = f(g(x))

12/9/2022
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dom(g)

ran(g)

ran(fog)



A special function



No elements in B
are paired twice

A special function
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) Injection(EAHTH)

« f:A - Bis an injection or injective if for any x{,x, € A, x; # x5,

then f(x1) # f(x7).
(Vx1)(Vx)(x1 EANX, EANXy #F X > f(x1) # f(x2))

Different inputs has different outputs

¢ OI’ |ff(x1) — f(XZ), then X1 = Xy
(Vx1)(Vx2)(x1 € AN X, € AN f(x1) = f(x2) = x1 = x3)

Same outputs have the same input

12/9/2022
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) Injection

+ f(xX)=x(R->R)

— injective

— Forany x; # x;, f(x1) = x1 # x3 = f(x2)
+ f(x) =x? (R>R)

— not injective.

- f-D=fD) =1

12/9/2022
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) Injection and Composition

[Let g-A-B, f:B—- C,if f, gareinjective, then f o g is also injective.]

Proof:
For any x;,x, € 4,x; # x,, we have g(x;) # g(x,) since g is injective.

Now g(x;),g(x,) € B, and g(x;) # g(x,), then we have f(g(xl)) ia
f(g(xy)) since f is injective.

(f e 9)(x) = f(g(x)) by definition, so (f o g)(x1) # (f ° g)(x2)
Q.E.D

12/9/2022 18



) Injection and Composition

[ Letg:A—> B, f:B - C,if f o gisinjective, then g is also injective. ]

Proof:

Assume that g is not injective, then there exists x{,x, € A, x; # x, and
g(x1) = g(x3).

Now g(x;),g(x,) € B, and g(x;) = g(x,), then we have f(g(xl)) =
f(g(xz))-

But f o g is injective, it means f(g(x;)) # f(g(x,)). Contradiction
Q.E.D

12/9/2022 19



A special function



Every element in
B are paired at
[east once.

A special function
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) Surjection(i#&51)

« f:A — Bis a surjection or surjective if ran(f) = B, or for any y € B,
there exists x € A such that f(x) =B

(Vy)@Ex)(y €B~> (x €AAf(x) =)

Every possible output has an input

12/9/2022 22



) Surjection

* f(x)=x+5(R~-R)

— surjective.

— Forany x, € R, f(xg — 5) = x,
* f(x) =x*(R-R)

— not surjective.

— There’s no element x, € R such that f(x,) = x5 = —1

12/9/2022
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Surjection and Composition

Letg:A—> B, f:B - C,if f, g are surjective, then f o g is
also surjective.

Proof:
For any y, € C, we have x, € B such that f(x;) = y; since f is surjective.

Now x; € B, so we have x, € A such that g(x,) = x; since g is surjective.

So for any y, € C, we have x, € A such that f(g(x,)) = y,, or (f o
g)(xy) = y1, it means that f o g is surjective

Q.E.D

12/9/2022 24



Surjection and Composition

Letg:A—> B, f:B— C,if f o gis surjective, then f is also
surjective.

Proof:

Forany y € C, we have x € Asuchthat (feg)(x) =yasfogis
surjective.

Let xo = g(x) € B, so we have (f o g)(x) = f(g(x)) = f(xo) = y.
So for any y € C, we have x, € B such that f(x,) = y.

f Is surjective.

Q.E.D

12/9/2022 25



A special function



12/9/2022

A special function

Every element in
B are paired at
[east once.

No elements in B
are paired twice
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) Bijection(¥54)

f:A — B is a bijection or bijective if f is both injective and
surjective.

Bijections are sometimes called one-to-one correspondences(—

— X3 Riz).

12/9/2022
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) Bijection

« f(x) =x+5 (R - R)is bijective.
« f(x) =e* (R - R)is not bijective since it's not surjective.

« f(x) =x3—x (R - R)is not bijective since it's not injective.

12/9/2022
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) Bijection and Composition

Letg:A— B, f:B - C,if f, g is bijective, then f o g is also
bijective.

]

Letg:A—> B, f:B - C,if f ogis bijective, then g is
injective and f is surjective.

12/9/2022
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) Bijection, injection and surjection

X Y
1 'D
2 *B
3 C
4

Surjection

12/9/2022

njection

Bijection
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) Comparing Cardinalities

For set A and B, A and B are equianumerous (ZF#) if there is a way
to pair their elements off without leaving any elements uncovered,
marked as A=B. Otherwise marked as "A=B.

12/9/2022
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Comparing Cardinalities

For set 4 and B, A and B are equianumerous (Z28) if there is a
bijection from 4 to B, marked as A=B. Otherwise marked as "A=B.

12/9/2022
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) Comparing Cardinalities

For set A and B, card(A) < card(B) if there is a way to pair their
elements off without leaving any elements of A uncovered.

12/9/2022
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) Comparing Cardinalities

. B _ . . o
| it e EIZG’H. o el(EI) Hnere 'SF a! way o pa|||. thei

For set A and B, card(A) < card(B) if there is an injection from 4
to B.

12/9/2022

35



) Comparing Cardinalities

- f:A-B
— If f is injective, then |A| < |B|
— If f is surjective, then |A| = |B|
— If f is bijective, then |A| = |B|

12/9/2022
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) Axiom of Choice

ZF.10 Axiom of choice (FEEAIE)

For any relation R, there exists a function F', such that F'is a subset of R
and the domain of F' and R are equal.

(V Relation R)(3 Function F)(F C R A dom(R) = dom(F))

* R={(1,a),(1,b),(2 a)}
¢ fl — {<1r a)) (2) a>}
¢ 2 = {(1; b)) <2r Cl)}

12/9/2022
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‘ Inverse

Some element are
not paired 0




Some element are
paired twice

‘ Inverse

o




) Inverse of Function

- Letf:A—- B
— The inverse (defined by relation) of f may not be a function
— If the inverse of f is a function, we call f is inversible (B]Ji%AY)

f:A - B, ifthere exists g:B — A,suchthatgo f =1,and f o g =I5, we
call that f is inversible, and g is the inverse function(fZE4%%) of f.

Some times go f=l, and fog=Iz may not hold simultaneously.
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) Left Inverse(Zi¥) and Right Inverse(Gi¥)

- Let f:A4 — B, if there exists g: B — A, such that
— gof =14, then we call g is the left inverse of f.
— fog = Ig, then we call g is the right inverse of f.

map back to
right side(ran(f))
f —_—
g --*
map back to o
left side(dom(F))

Left Inverse Right Inverse
12/9/2022 geof=1I feg=1Ip 41



) Left Inverse and Right Inverse

c Letf:A->B, A+ @
— f has left inverse if and only if f is injective.
— f has right inverse if and only if f is surjective.
— f has both left and right inverse if and only if f is bijective.
— f is bijective, then the left and right inverse of f are equal.

12/9/2022
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) Left Inverse and Right Inverse

- Letf:4 - B, A+ @, assume that g is the left inverse of f, and h is the
right inverse of f.

— Wehavegof =1, foh=1Ig

— Theng=golg=go(foh)=(gof)oh=Iyoh=nh

— So if f has both left and right inverse, then they are equal.
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) Inverse of Function

- lLetf:A- B
— The inverse (defined by relation) of f may not be a function
— If the inverse of f is a function, we call f is inversible (B]Ji%AY)

f:A - B, ifthere exists g:B — A,suchthatgo f =1,and f o g =I5, we
call that f is inversible, and g is the inverse function(fZE4%%) of f.

» f has both left and right inverse if and only if f is bijective.

\ 4

[ f is inversible if and only if f is bijective. J

12/9/2022 44



) Inverse of Function

Let f: A —» B be a bijection
— f~1is a function and is the inverse function of f.

— f~1is bijective too.

— Vx € A,f_l(f(x)) = X. Vy € B;f(f_l(Y)) =Yy

12/9/2022
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How we investigate computability?

2.2 Discussion on
Computation
Part1. Turing Machine Basics.

12/9/2022
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Ultimate Problem:

What problems can a computer solve?



) What We Have Done

- Computational Problem(it & agH)
— Well-defined input
— Constraints that the output must satisfy.

- A computational problem is computable(RJit+&) if there is a
procedure (or algorithm) for it which:
— Rigorously follows some instructions, requires no ingenuity.

— Always finishes (terminates) after a finite number of steps.

12/9/2022
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) What We Have Done

A computational problem can be converted into language
recognizing problem.

— Set basics & formal language theory
— Alanguage is naturally a set of string.

— Given a language L and take w as input, determine whether welL.

What-problers—can—a-computersolve?
y

What languages can a computer recognize?

12/9/2022 49



) Recap: Formal Languages

Alphabets are finite, non-empty
sets of characters

Alphabet: X / A string Strings are

finite sequence finite sequence
. @Vb)A(=bV o) / of characters

Characters are
individual All strings
symbols

VA abc
al-a

(avb)A(=bVc)

a b,c
(avb)A(=bVc)

subset of X*
Languages —

are sets of A language Set of all string :
strings. Y

12/9/2022 50



) Recap: Language Recognizing

Throughout the whole course of computability, we’ll focus on the
membership problem of a language, or language recognizing, that is:

[ Given a language L and take w as input, determine whether w € L. ]

w — weL?

12/9/2022 ol



What languages can a computer recognize?

12/9/2022 52



Computers are complicated.

Intel 4004, first commercial CPU

53
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Computers are complicated.

128 Entry 2 KB Inst. Cache (4-way
Inst. TLB  § Cache
(4-way) 16Byte Pre-Decode + Macro-Op
Fusion, Fetch Buffer Macro-Op Handling
Instruction
18 Entry Instruction Queue Macro-Op Decode
and Loop Stream
Complex Simple Simple Simple Detect
Macro-Op Macro-Op Macro-Op Macro-Op E RIEnE
‘ Decoder Decoder Decoder Decoder .xecut.lon UL
. including Out of
28 Entry Micro-Op Loop Stream Detect Buffer Gideibiardvare
B A A New or Improved
R For Nehalem
Reg 8 Reorder Buffe
6 Rese 0 0
A A A
A A
A A A
Store
&Load
1
ed B B P 6KB ed
8MB A ore edand e ore Arbite dle ed g and
e (16 ociative ock/powe e difference

Core 17 Architecture.
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Computers are complicated.

Applications, Tools

-

S}'.‘alq‘.rln calls

LUlser space

Y ¥ Y Y Linux-Kernal
Frocess Memory ) File ) D‘f“r’"‘f MNetwork  f=— Components
management | management syslems elrivers
Multitacking Virtual Files, Dhevice access, Metwork 5
SEINg MEmory directories terminals Functionality g
) Filg system MNetwork Software
Scheduler, vpes protocels Support
architecture- Memory || | ‘Characier
specific MAnager devices ” N -
code : etwor | Hardware
Elack devices drivers Support
A 4 A A A
¥ L ] ¥ L
Hard disk, Warious "
CPU RAM CD, Floppy terminal [;“d*:.“ f:f Hardware
disk equipment P

Architecture of Operating System
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We need to model computer in a simple
and clean manner!!



Automata(Bzi#1) Theory

* An automaton is a mathematical model of a computing
device

12/9/2022

It is significantly easier to manipulate our abstract models
of computers than it is to manipulate actual computers

If we pick our models correctly, we can make broad,
sweeping claims about huge classes of real computers by
arguing that they're just special cases of our more general
models.
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) What is an Automaton

Push

Push

An “automata’’ for an on-off switch

12/9/2022
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) What is an Automaton
* Q: {“off’, “on”}

Two states

12/9/2022

59



) What is an Automaton

° Q: {“Oﬁ”, “On”}

° Z . {“push”}
One Push
operation

12/9/2022 Push
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) What is an Automaton
* Q: {"off", “on”}
« X :{"push”}
« §: {("on”, “push’, “off”), (“off’, “push”, “on”)}

~ ST

Two transformation

-

12/9/2022
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) What is an Automaton

A automata for “aa...bb...”’

12/9/2022
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) What is an Automaton

we'll start from q,

start‘

| nput:

12/9/2022
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) What is an Automaton

we'll start from q,

start‘

Input:
next input symbol

12/9/2022
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) What is an Automaton

we'll start from q,

/

start‘

Input: a a b b
next input symbol 4

12/9/2022

(90, a) to 9,
b
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) What is an Automaton

Input: a a b b
next input symbol 4

12/9/2022
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) What is an Automaton

Input: a a b b
next input symbol 4

12/9/2022
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) What is an Automaton

Input: a a b b

next input symbol 2 )

12/9/2022
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) What is an Automaton

Input:
next input symbol

12/9/2022

q. is the final state.
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) What is an Automaton

Input: a b b a
next input symbol 4

12/9/2022
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) What is an Automaton

Input: a b b a
next input symbol 4

12/9/2022
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) What is an Automaton

Input: a b b a
next input symbol 4

12/9/2022
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) What is an Automaton

Input: a b b a

next input symbol 4

12/9/2022
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) What is an Automaton

9. is not the final state.

Input: a b b a
next input symbol 4

12/9/2022



) What is an Automaton
* Q:{q90,91, 92 }
¥ :{a,b}

¢ 0: {(C[(),a, qO)’ (CIOrb» CI1)’ (CI1rb' CI1)’ (CI1' a, CIZ)’
(CIZJa' CIZ)’ (CIZJbr CIZ)}

12/9/2022 75



What is an Automaton

* Q:{90,91,92 }

« Y :{a,b}
¢ O: {(qo, a, qO)a (CIO; b! CI1)’ (qlr b, Ch), (CI1' a, CIZ)’

(QZ» a, CIZ)a (QZ» b, d> )} accepting or
* q,: start state final state
* F:{q}

start state

12/9/2022



)

Deterministic Finite Automaton(DFA, H@ES IR
Bz5i)

« A deterministic finite automaton(DFA) consists of:
— Q:Afinite set of states
— X: Afinite set of input symbols
— §: Atransition function. Q X X — Q
— (o: The start state
— F: A set of final or accepting states. F €

 We can donate a DFA as a “five tuple”
A= (Q,Z,5,C[O,F)

12/9/2022 77



) Deterministic Finite Automaton(DFA)

« A DFAtakes a finite string(sequence of input symbols)
as input, and process the input symbols of the string

one by one, and change its state according to the
transition function §.

« DFA will always stop, if the state is in the set of
accepting states(F) when a DFA stops, we say that

this DFA accepts the input. Otherwise it rejects the
input.
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) Simpler Notations for DFA

Transition
Diagram
start state a b
< .
o o a1 Transition
A~ (1 q> d1 Table
final state q q q,

12/9/2022 79



) Extending the Transition Function

Fora DFA (Q, %, 6, q¢, F), we can define an extended

transition function
5:0 X3 -0

5 takes a state g and a string w as input, and returns the
state after processing string w from state q.

_ S(q, E) = (q
— If w = xa, where a € 2. Then 6(q,w) = 5(5((1, xX),Qa)

12/9/2022 80



Extending the Transition Function

5(qo. €) = qo 0 |1
S(QO» 1) = 5(8(510»6)» 1) =6(q0,1) = q4 *—>qo || 92 | ¢
A a q1 || 943 | 9o
6(gy,11) = 6(6(gp,1),1) =6(g,,1) =

(qo,11) ( (90, 1) ) (q1,1) = qo g || 0 | g3
6(q0,110) = §(8(qo,11),0) = 8(q0,0) =q, 93 || @1 | @2

S(CIO» 1101) = 5(3(510» 110), 1) = 6(q2,1) = q3
5(qo,11010) = §(8(qo, 1101),0) = §(g5,0) = q4
6(qo,110101) = §(8(q9, 11010),1) = §(q1,1) = qo

12/9/2022
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) The Language of DFA

« ForaDFAA=(0Q,%6,q,, F), the language of A, donated
as L(A), is the set of all string that A accepts.
L(A) = {w|8(qo, W) € F)

« For a certain language L, if there exists a DFA 4 such that
L = L(A), then we call L is a regular language(IEMiEE).

We'll not take much time in DFA and regular
l[anguage. Feel free to read chapter 2,3,4 in
IALC if you are interested in it.
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) Regular Expression(IEMFRikzt)

« Regular expressions are used to denote regular languages.

 For an alphabet X
— @, €, a are regular expressions corresponding to

12/9/2022

languages 0, {e}, {a}, where a € X

If r, s are regular expression corresponding to language L., L.
r+s(orr|s). L. U Lg

rs:{wulw € L, Au € L}

rk: fwyw, < wy_wy|w; €L, Aw, €EL.A--wy € L}
r*:LaiUL2ULs3..ULmn..

" L.+ U{¢€}
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} Next

 Turing Machine Basics.

12/9/2022
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